An elementary theory for beam waveguides based upon geometrical optics as well as upon the HUYGENS undulatory theory is developed. A homogeneous FREDHOLM integral equation of the first kind is derived. It connects the field distribution as observed on a mathematical surface behind the n-th lens with the given initial distribution. If the spacing between the lenses is chosen such that the beam waveguide operates in a stable condition, then the eigendistributions are periodically reproduced along the beam waveguide. For these eigenmodes a homogeneous FREDHOLM integral equation of the second kind is formulated; the diffraction losses associated with the p<7-th eigenmode are determined by the corresponding eigenvalue. As pointed out by HEFFNER. the laser beam may be considered a special superposition of eigenmodes uniformly displaced in the direction of propagation. This superposition yields mode patterns which are periodically reproduced from lens to lens. It is suggested that the laser resonator be matched with its optically analogous beam waveguide for an optimum transmission.
The recent development of the laser has made an extremely large frequency range available for use in communications. Unfortunately, the utilization of this new frequency spectrum is seriously hampered because the propagation of light through the atmosphere is extremely vulnerable to not only fog, dust, rain or snow, but also to turbulence. To overcome these difficulties one might think of protecting the light path. A long-distance transmission would not, however, be efficient if only an ordinary pipe were used. The beam, even if it had an extremely small divergence, would strike the side walls within a distance of a few hundred meters. EAGLESFIELD 1 has reported the possibility of transmitting light through a pipe of precision bore whose inner surface has a mirror finish. GOUBAU and his co-workers 2-8 have investigated the application of so-called beam waveguides to long-distance transmission of light. The beam waveguide, which has been developed originally for millimeter and submillimeter waves, differs from conventional waveguides in that it consists of a sequence of lenses. The transmission along such a sequence of lenses is, however, stable only for certain ranges of spacing between the lenses 9 .
In the following paper we shall develop a geometrical theory as well as an undulatory theory for beam waveguides which operate at optical frequencies. As is usual in optics, we apply KIRCHHOFF'S approximation to reduce the vector problem to a scalar one by considering only a linearly polarized electromagnetic wave. We elaborate the analogy between a beam waveguide and a resonator system with spherical mirrors. We shall derive a matrix and an integral relation which describe the image properties of a beam waveguide. The matrix equation is based upon geometrical optics and the integral equation upon HUYENS' undulatory theory. It is demonstrated that this integral equation yields solutions which are consistent with the classical laws and, in particular, that they agree with geometrical optics in the zero-wavelength limit. The analogy as mentioned above suggests a condition for optimum matching of the resonator system to its corresponding beam waveguide.
Geometrical Theory for a Beam Waveguide
It is assumed that the reader is familiar with the basic laws of geometrical optics 10, In this elementary theory only those points and rays will be taken into account which lie in the immediate neighborhood of the axis; terms involving squares and higher powers of off-axis distances, or of the angles which the ray makes with the axis, will be neglected. Figure 1 shows a periodic sequence of thin lenses with equal focal length / a distance d apart. For a beam of light a paraxial path of radius , Q and slope Q is schematically traced. The radius and slope just to the right of the n-th lens are called Qn and Qn' respectively 9
where T represents the matrix. The eigenvalues of r are the roots of the secular equation
The roots are
If the roots are different, the two eigenvectors are linearly independent and two linearly independent solutions are obtained by identifying the initial values (o0, o0') with these eigenvectors
Considering the beam waveguide as a cascade of lenses we obtain by iteration from (1)
and using (4) Q-fcQ.
If traceT j>2, i.e., d>4f or d/f< 0 12 , the roots y+ andy_ are real and either Such solutions of (6) are in conflict with the requirement that the paths must remain finite; they would depart further and further from the axis. Hence acceptable solutions are obtained if and only if
which yields the region of stability or low-loss region in the notation of BOYD and KOGELNIK 13 (8)
For a separation d belonging to this low-loss region we may define a real parameter y by y+=e i r and
A path oscillates periodically along the beam waveguide with a periodicity yy ^ TT 2 jt arccos(J trace J")
where N must clearly be an integer, otherwise we would take several cycles of 2 n. The two linearly independent eigenvectors belonging to the eigenvalues (9) show to be, apart from an arbitrary constant factor, and
With these eigenvectors we form the matrix
(ID (12) and its inverse matrix
The matrix T as defined in (1) is not symmetrical but its determinant is unity and its eigenvalues are distinct. Therefore, by applying a canonical diagonalization 14 ' 10 we obtain its n-th power 
Optical Analogy between a Thin Lens and a Spherical Mirror
In geometrical optics the familiar law waveguide may be studied by using the simpler formulation which is appropriate for a mirror system. This analogy will be the basis of the theory presented for beam waveguides.
Integral Theorem for Successive Reflections
We shall investigate mirror systems which have no side-wall boundaries and in which the medium is assumed to fill all space. Such a system is shown in Fig. 3 . The mirrors S 1 and 5 r , which are assumed to be perfectly conducting and to be uniformly reflecting, are, in general, of different sizes and/or shapes (the superscripts 1 and r refer to "left" and "right' respectively). The dimensions of the mirrors are assumed to be large compared to the wavelength. The author 15 has derived an integral theorem for an optical wave which bounces n times between two mirrors; the spacing of these mirrors must not be equal in successive bounces. This integral theorem based upon the HUYGENS-FRESNEL Principle accounts not only for the rectilinear propagation of light of very short wavelength, but also for the law of reflection and for certain diffraction phenomena. It may be formulated as follows: "Let the monochromatic wave function y be a solution of the HELMHOLTZ with /=(/', /' + 1) and J= (j+l,j) where Sj is the distance between two points Pj and Pj + j, k = 2 ti /1 is the propagation constant for the wavelength /, A is a constant amplitude factor, and n T fii is the inward normal at the point P; + i to the right and left surface respectively. Then the value of (18) Therefore, to obtain a first-order approximation for a slightly curved mirror, we may assume that (18) applies locally and we may think of replacing this slightly curved surface by a "polyhedron" of plane elements. Consequently, if the radius of curvature of a spherical reflector is very large, we may use (18) as an acceptable approximation.
The question remains whether or not these assumptions are also physically justifiable. The answer is that they are valid approximations only for sufficiently small wavelengths, and the results must be checked against experiment.
General Formulation
In Section 2 we have elaborated the optical analogy shows the resonator systems which correspond to the periodic sequences of thin lenses as shown in Fig. 2 . In each case only one ray indicates the beam of light.
The simple scalar formulation of the HUYGENS-
FRESNEL
Principle can be applied to an electromagnetic problem according to KIRCHHOFF. We must assume that the electric field is very nearly transverse and, for instance, uniformly polarized in the ^/-direction. Then, the scalar wave function of (18) can be identified with this transverse component of the electric field E)t = xp; the appropriate boundary conditions have already been taken into account.
Let us assume that a field distribution /^(S™) is given over a mathematical surface 18b S m , where 5 m is completely arbitrary within the assumption k s01
1. We may think of moving the source point P0 over this surface S™ where the amplitude A changes its value according to the given distribution £'(So 1 ). We must sum up the contributions from all the sources on S™ to obtain the field distribution e(SJf+i) on the mathematical surface S™+i after n reflections, i. e., beyond the n-th lens. This is conveniently expressed in the form of an integral equation (20) where J and J stand for (/, /" + 1) and (j + 1, j), respectively, and the extra / is absorbed in the constant factor y.. We direct attention to the fact that the (19) is completely consistent with the geometricaloptics solution in the zero-wavelength limit.
*e(S?+1) = fE(S$)K(S™+1,SV)dS% (19)
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Diffraction Losses of the Beam Waveguide
In Section 1 we have demonstrated that for a separation d belonging to the range (8), the beam of ligth changes its diameter periodically as it propagates along the beam waveguide. GAUSSIAN or geometrical optics represents the limiting case for HUYGENS' undulatory theory at zero-wavelength, and hence, both these theories must show the same periodicity N given by (10). Let us define an eigenmode as an energy distribution which when launched from a mathematical surface is reproduced on the corresponding mathematical surface after having passed through N lenses. In the optically analogous model of a resonator system these mathematical surfaces coincide. For such a self-consistent field distribution we set e(5^+1) =£(SJ?+i ) in (19) and obtain the homogeneous FREDHOLM integral equation of the second kind
So (22) with the corresponding kernel from (21) r/cra em\
where J stands for (j,j + 1). The indices p and q specify the order of the eigenmode; y.pq and Ep(J are the eigenvalues and eigenfunctions of the pq-th eigenmode.
From energy balance considerations we may deduce the relation (24 a) for the fractional diffraction losses of the pq-th eigenmode. If /V> 1 we may find in some cases that an eigendistribution is already reproduced, but inverted, behind the (7V/2) -th lens as, for instance, when d = 2 /, Fig. 2 d 19 . When formulating the integral equation (22) for such a section of an eigenmode, the fractional diffraction loss of the pq-th eigenmode is given by (24 b) where here y represents the number of identical sections composing an eigenmode.
Numerical values of the fractional losses are given 19 for the lowest-order eigenmodes of the FABRY-PEROT Interferometer, the confocal and the spherical resonator systems. These resonator systems correspond to the beam waveguides of the iris type and of the types d-2j and 4 /. The general-type eigenmode of the confocal resonator system is found to have the lowest losses. As is pointed out 19 , this eigenmode is associated with the telescopic system formed by the confocally spaced lenses.
An arbitrary initial distribution E(S ™) may be approximated in terms of eigenfunctions /^(S™).
From this superposition we can determine the corresponding fractional diffraction losses. We note that the arbitrary distribution E(S) changes as it propagates along the beam waveguide since the various eigenmodes Evq of this superposition have different losses. If the beam waveguide is very long only the lowest-order eigenmodes will survive and arrive at the terminal.
Finally, we wish to discuss a very special initial field distribution. In a laser device with a symmetrical resonator system we expect the mode patterns over both the mirrors to be identical. These patterns, which as a whole seem to be self-consistent from transit to transit, may be considered a special super- 
Optimum Matching
In the preceding section we have demonstrated that the eigendistributions represented by the eigenfunctions of (22) guide we know that both these corresponding types of systems are described by the same set of eigenmodes. Therefore, if these systems are matched, the mode pattern associated with an eigenmode is reproduced within a constant amplitude factor after having passed through a multiple of N lenses, and the diffraction losses are a minimum.
Application of the General Theory
As an application of the general theory we now Let us assume first that the field pattern of an eigenmode can be written in product form
where E0 is a constant amplitude factor, X(x) is a funciton of x only, and Y(y) is a function of y only, and secondly that the amplitude coefficient x can also be expressed in product form. Since there are no cross products between x and y, we can separate the integral equation (22) into a product of two integral equations identical in form. One of these integral equations depends only upon x and the other one only upon y. Henceforth, we investigate merely the z-dependent integral equation and use the same results for the ^-dependent one. We introduce the dimensionless variable xja for x. Then the resulting x-dependent integral equation is
- 30 with the corresponding kernel from (23) using (25) and (26)
-l where the FRESNEL Number F is defined by
The integral equation (28) with its kernel (29) appears too involved to expect a solution in terms of ordinary functions. Therefore, it must be treated by numerical methods. To demonstrate the features of the theory presented in the zero-wavelength limit, (F-^oo), i.e., in the geometrical-optics solution, we can evaluate the FRESNEL Integrals using the method of stationary phase (see e.g. 16 or 21 ). According to this method, contributions from parts of the range of integration near a point of stationary phase will be nearly in phase and add up, whereas those from other parts will interfere destructively. Thus, the xj and x2 integrals of (29) 
The diffraction losses vanish according to (24) . The minus sign appears in (31) since the linearly polarized electromagnetic wave is reflected three times by a perfectly conducting surface in the optically analogous model of a resonator system. Hence, we have demonstrated that this theory for beam waveguides based upon HUYGENS' undulatory theory is completely consistent with the classical laws in the zerowavelength limit.
Conclusion
An elementary theory for beam waveguides has been developed. The image formation of a beam waveguide can be described by a matrix equation based upon geometrical optics, or by an integral equation based upon both HUYGENS' undulatory theory and the optical analogy between a thin lens and a spherical mirror. Diffraction losses were defined for an eigenmode, i. e., for a field distribution which is reproduced after having passed through N lenses. This number N represents the periodicity of a beam waveguide. A special distribution is discussed which reproduces itself from lens to lens. According to HEFFNER this distribution consists of a superposition of N eigenmodes uniformly displaced in the direction of propagation. It is suggested that the laser resonator be matched with its optically analogous beam waveguide for an optimum transmission.
The general theory when applied to a beam waveguide under investigation yields results which are consistent with the classical laws in the zero-wavelength limit.
